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a b s t r a c t
Let K/F be a Kummer cyclic extension of number fields. In the case when the degree is a
prime number, Gómez Ayala gave an explicit criterion for the existence of a normal integral
basis. More recently Ichimura proposed a generalization of that result for cyclic extensions
of arbitrary degree, but we have found that Ichimura’s result is incorrect. In this paper
we present a counter-example to Ichimura’s result as well as the correct generalization
of Gómez Ayala’s result.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Let F be a number field and letOF be its ring of integers. A finite normal extension K/F with Galois group G has a normal
integral basis (NIB for short) when OK , the ring of integers of K , is free of rank one over the group ring OF [G]. In this case, if
OK = OF [G]ω we call ω a generator of the NIB.
A well-known result by Noether says that if K/F has a NIB, then it is a tame extension. The converse is not true in general
and there are several examples of non-existence of a NIB for tamely ramified extensions. Even if we restrict ourselves to
the class of abelian extensions the general situation cannot be easily described. On the one hand, by the Hilbert–Speiser
Theorem, when the base field F is the field of rational numbersQ, every tame abelian extension K/F has a NIB. On the other
hand, Greither et al. proved in [1] thatQ is the only number field satisfying the Theorem of Hilbert and Speiser. Namely, for
any number field F 6= Q there exists a prime number p and a tame cyclic extension K/F of degree pwithout a NIB.
Several authors considered the particular case of Kummer extensions [2–9]; when the degree is prime, Gómez Ayala gave
an explicit criterion [3, Thm 2.1] for the existence of a NIB. More recently Ichimura [4, Thm 2] proposed a generalization of
that result for cyclic extensions of arbitrary degree. However, we have found that Ichimura’s result fails when the degree of
the extension is not a prime power.
In this paper we present a counter-example to Theorem 2 of Ichimura as well as the correct generalization of Gómez
Ayala’s result.
The paper is organized as follows. In Section 2we state the Theorem of Ichimura andwe give a counter-example in detail.
In Section 3 we state and prove the main theorem (Theorem 1): the new argument of our proof is a key lemma (Lemma 3)
which gives an exact formula for the ramification index in tame cyclic Kummer extensions. In Section 4wepresent a criterion
forOK to be free asOF -module when K/F is a Kummer cyclic extension. This result is an easy generalization of [3, Prop. 2.5].
We do not include in our paper either the corollaries or Theorem 1 given by Ichimura in [4], since they still hold
substantially with the same proof (only for Ichimura’s Theorem 1we need to use our Lemma 3 in the proof of [4, Lemma 10]
to deduce that the extension is unramified atm).
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2. A counter-example to Ichimura’s theorem
Let us introduce the notation we will use in the paper. We fix a natural numberm ≥ 2 and a primitivemth root of unity
ζm. Let F be a number field and let OF be its ring of integers; we will always assume that ζm ∈ F . Let K be a cyclic Kummer
extension of F of degreem, denote by OK its ring of integers and let G := Gal(K/F).
We call Kummer generator (integral Kummer generator, resp.) of K over F any element α ∈ K (α ∈ OK , resp.) such that
K = F(α) and αm ∈ F .
For any prime ideal P ⊂ OF we denote by eP the ramification index of P in OK and, for any ideal I ⊂ OF , we denote by
ordP(I) the exact power of P dividing I.
LetA ⊆ OF be an ideal. From the unique factorization property of the ideals, we have thatA can be uniquely decomposed
as
A =
∏
i≥1
Aii
where theAi are squarefree ideals of OF , pairwise coprime. We call the idealAi the i-part ofA and we note that the i-parts
of any ideal are in the long run trivial, hence the product in the last formula is finite.
For 0 ≤ j ≤ m− 1, we define
Bj =
∏
i≥1
A[ij/m]i ,
and we call the Bj ideals associated to A.
We note that
m−1∏
j=0
Bj =
m−1∏
j=0
∏
i≥1
A[ij/m]i =
∏
i≥1
A
m−1∑
j=0
[
ij
m
]
i =
∏
i≥1
A
mi−i−m+(m,i)
2
i , (1)
where the last equality holds by the following arithmetical lemma.
Lemma 1. Let n ≥ 2 be an integer. For an integer i with 1 ≤ i ≤ n− 1 we have:
2
n−1∑
r=0
[
ir
n
]
= ni− n− i+ (n, i).
Proof. See [4, Lemma 4]. 
The following statement is Theorem 2 in [4].
Ichimura’s theorem. Let the notation be as above. Then, the extension K/F is tame and has a NIB if and only if there exists an
integer a of F relatively prime to m satisfying the following five conditions:
(i) K = F(a1/m),
(ii) the integral ideal aOF is mth power free,
(iii) the ideals Bj associated to aOF are principal,
(iv) α = a1/m ≡ δ(mod 1− ζm) for some unit δ ∈ O∗F ,
(v) the congruence
m−1∑
j=0
αj
xj
≡ 0(mod m)
holds for some xj ∈ OF with Bj = xjOF .
Further, when this is the case, the integer
ω = 1
m
m−1∑
j=0
αj
xj
generates OK over OF [G]. Namely OK = OF [G]ω.
However, the following example shows that Ichimura’s Theorem is not true as it is stated above.
Example 1. Let F = Q(ζ3) and K = F( 6
√
(1+ 8ζ3)3 · 172 ). Then K/F is a cyclic Kummer extension of degree 6 that has a
NIB but there is no a ∈ OF relatively prime to 6 such that K = F( 6√a).
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Proof. We have the following diagram
K = F( 6
√
172(1+ 8ζ3)3 )
lll
lll
lll
lll
l
SSSS
SSSS
SSSS
SSS
E = F( 3√17 )
SSSS
SSSS
SSSS
SS
L = F(√1+ 8ζ3 )
jjjj
jjjj
jjjj
jjj
F = Q(ζ3)
Q
Let us show that K/F has a NIB.
The extension E/F has a NIB by Kawamoto’s theorem [6]: in fact, 17 ≡ −1(mod 32), hence 172 ≡ 1(mod 32). Further
disc(E/F) = 172.
Moreover, 1+ 8ζ3 is square free, 1+ 8ζ3 ≡ 1(mod 4) and thus√1+ 8ζ3 ≡ 1(mod 2); hence also the extension L/F has
a NIB (see [3, Prop 2.11]). Further
disc(L/F) = discL/F
(
1+√1+ 8ζ3
2
)
= 1+ 8ζ3.
The extensions E/F and L/F are linearly disjoint over F and have coprime discriminants, hence
disc(K/F) = (disc(E/F))2(disc(L/F))3 = 174(1+ 8ζ3)3
and the product of integral bases of these extensions is an integral basis of the composite K/F . Moreover it is easy to check
that, if the bases are normal, then also the product is normal, thus K/F has a NIB.
Now let us show that there is no a ∈ OF relatively prime to 6 such that K = F( 6√a). It is easy to verify that
ord(1−ζ3)(1+ 8ζ3) = 1 and (1− ζ3) - 17; it follows that ord(1−ζ3)(172(1+ 8ζ3)3) = 3. By Kummer theory we know that all
Kummer generators of the extension K/F are the elements of the form
172(1+ 8ζ3)3 · x6
or
[172(1+ 8ζ3)3]5 · x6,
with x ∈ F∗. Thus for every a ∈ F such that K = F( 6√a ) we have ord(1−ζ3)(a) = 6k + 3, with k ∈ Z, hence doesn’t exist
a ∈ OF , relatively prime to 6, such that K = F( 6√a). 
3. Statement and proof of the theorem
In this section we state and prove the corrected generalization of Gómez Ayala’s Theorem [3, Thm 2.1] (see Theorem 1
below). First of all, we prove several lemmas.
Lemma 2. Let P be a prime ideal of OF and e = eP the ramification index of P in OK . If P is tamely ramified in OK , then
ordPdisc(K/F) = m−m/e.
Proof. This follows immediately from the theorem of Dedekind on discriminants. 
Lemma 3 (Key Lemma). Let K = F( m√a) with a ∈ OF . Then, for any prime P ⊆ OF tamely ramified in OK , we have
eP = m
(m, ordP(a))
.
Proof. Denote by F the completion of the field F at the prime P and put K = F( m√a); then K is the completion of K at one
of the primes over P and eP is the ramification index of the tamely ramified local extension K/F . We can also suppose that
K/F is totally ramified (of degree eP ); in fact, if not, we can change F with its maximal unramified extension contained
in K and this does not change either the ramification index or the order of a at the prime ideal. Since the extension K/F is
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totally and tamely ramified, there exists a uniformizing elementΠ of K such thatΠ eP = pi is a uniformizing element of F
and K = F( eP√pi).
Let i = ordP(a), then a = pi iu where u is a unity of the valuation ring of F . Since [K : F] = eP , by Kummer
theory, we have that m = ePd and a = pi iu ∈ (F∗)d = 〈pid〉 × U(F)d, namely i = dj, u = vd with v ∈ U(F) and
K = F( m√a) = F( eP√pi jv). On the other hand, it is also K = F( eP√pi), hence, using again Kummer theory, we have
that the classes of pi jv and pi in F∗/(F∗)eP do generate the same subgroup and in particular (eP , j) = 1. It follows that
eP = eP(eP ,j) = m(m,i) . 
Corollary 1. Let K = F( m√a) with a ∈ OF and suppose that K/F is tamely ramified. Then, denoting by aOF = ∏i≥1 Aii the
decomposition of aOF into its i-parts, we have
disc(K/F) =
∏
i≥1
Am−(m,i)i .
Proof. It follows from Lemmas 2 and 3. 
Let σ be a generator of G = Gal(K/F) and let χ be the generator of the character group Gˆ of G such that χ(σ) = ζm. For
ω ∈ OK and for any integer r with 1 ≤ r ≤ m− 1, let
ωr = (ω|χ r) =
m−1∑
i=0
σ i(ω)ζ−irm
be the resolvent of ω with respect to χ r .
Clearly, by changing the generator σ of the Galois group G and changing χ accordingly, we simply rearrange the ωr .
Lemma 4. Let ω ∈ OK be such that the conjugates ω, σ(ω), σ 2(ω), . . . , σm−1(ω) are linearly independent over F . Then we
have
discK/F (OF [G]ω) =
m−1∏
r=0
ω2r .
Proof. See [4, Lemma 2]. 
Lemma 5. Let α be an integral Kummer generator of K/F , let σ be the generator of G such that σ(α) = ζmα and let ω ∈ OK ,
ω =∑m−1j=0 cjαj with cj ∈ F . Then for 1 ≤ r ≤ mwe have ωr = mcrαr .
Moreover, let a = αm ∈ OF and let Bj be the ideals associated to aOF ; then mcjBj ⊆ OF .
Proof.
ωr =
m−1∑
i=0
σ i(ω)ζ−irm =
m−1∑
i=0
m−1∑
j=0
cjσ i(αj)ζ−irm
=
m−1∑
j=0
cjαj
m−1∑
i=0
ζ i(j−r)m = mcrαr ∈ OK .
Now,mcrαr ∈ OK implies that (mcrαr)m ∈ F ∩ OK = OF , hence
(mcrαr)mOF = (mcr)marOF = (mcr)m
∏
i
Airi ⊆ OF .
Moreover, as (mcr)m is anmth power, we also have
(mcr)m
∏
i
A
[
ir
m
]
m
i ⊆ OF ,
that is
(mcrBr)m ⊆ OF ,
thus
mcrBr ⊆ OF . 
Now we can state our main theorem.
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Theorem 1. Let K/F be a cyclic Kummer extension of degree m and assume that K/F is tamely ramified. Then K/F has a NIB if
and only if there exists an integral Kummer generator α for which, putting a = αm, the following conditions hold:
1. The ideals Bj associated to aOF are principal;
2. The congruence
m−1∑
j=0
αj
xj
≡ 0(mod m)
holds for some xj ∈ OF , with Bj = xjOF .
Further, when this is the case, the integer
ω = 1
m
m−1∑
j=0
αj
xj
generates OK over OF [G]. Namely OK = OF [G]ω.
Proof. Let α be an integral Kummer generator of K/F satisfying 1 and 2. Let a = αm, let
aOF =
∏
i≥1
Aii
be the the decomposition of aOF into its i-parts, and let ω, xj be as in the statement. Let σ be the generator of G sending α
to ζmα, and let χ be the generator of Gˆwith χ(σ) = ζm. Then, by Lemma 5, ωr = αr/xr .
It follows from Lemma 4 that
discK/F (OF [G]ω) =
m−1∏
r=0
ω2r =
αm(m−1)(∏
r
xr
)2 = am−1(∏
r
xr
)2 =
∏
i≥1
Ami−ii∏
r
B2r
, (2)
and, using Eq. (1), we get
discK/F (OF [G]ω) =
∏
i≥1
Am−(m,i)i .
The last equation and Corollary 1 show that
disc(K/F) = discK/F (OF [G]ω)
and, since ω is an integer, this ensures that OK = OF [G]ω.
Assume now thatOK = OF [G]ω, for someω ∈ OK . Let α be any integral Kummer generator of K/F and put a = αm ∈ OF .
Denote by Ai the i-parts of aOF and by Bj its associated ideals.
The set {1, α, α2, . . . , αm−1} is an F-basis ofK , hencewe canwriteω =∑m−1i=0 ciαiwith ci ∈ F , and, from Lemmas 4 and 5,
we get
discK/F (OF [G]ω) =
m−1∏
r=0
ω2r = αm(m−1)
(
m−1∏
r=0
mcr
)2
= am−1
(
m−1∏
r=0
mcr
)2
. (3)
Since OK = OF [G]ω, by equaling the values of the two discriminants given in (3) and in Corollary 1 we get:∏
i≥1
Am−(m,i)i = am−1
(
m−1∏
r=0
mcr
)2
=
(
m−1∏
r=0
mcr
)2∏
i≥1
Ami−ii
or, equivalently,(
m−1∏
r=0
mcr
)2∏
i≥1
Ami−i−m+(m,i)i = OF ,
and, using Eq. (1),
m−1∏
j=0
mcjBj = OF .
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Now, from Lemma 5 we have that all the idealsmcjBj are integral ideals, so it must bemcjBj = OF , for j = 0, . . . ,m− 1, i.e.
Bj = (mcj)−1OF .
Finally, choosing xj = (mcj)−1 we get
m−1∑
j=0
αj
xj
=
m−1∑
j=0
mcjαj = mω ≡ 0(mod m). 
Remark 1. The criterion given in Theorem 1 does not depend on the integral Kummer generator of the extension. In fact, let
α be an integral Kummer generator ofK/F satisfying condition 1 and letβ ∈ OK be another Kummer generator, thenα = β lc
with (l,m) = 1 and c ∈ F . Put b = βm, let t be the inverse of lmodulom and kj the class of jt modulom (0 ≤ kj ≤ m− 1).
An easy computation shows that, setting yj = xkjc−kjb−[lkj/m] ∈ OF , the elements y1, . . . , ym−1 are generators of the ideals
associated to bOF , which turn out to be principal. Moreover, it is easily seen that {1, β/y1, . . . , βm−1/ym−1} = {1, α/x1, . . . ,
αm−1/xm−1}, hence also condition 2 does not depend on the integral Kummer generator of the extension.
We also note that, if α is an integral Kummer generator of K/F , then, letting α˜ = α/x1 ∈ OK , we have that α˜mOF ismth
power free.
Remark 2. The Theorem of Ichimura [4, Thm 2] holds when m = pk is a prime power and the given proof is correct in
that case. In fact, in the proof at page 175, lines -9 and -8, the following is assumed: if K/F is tame, then its discriminant is
coprimewith the degree of the extension. However, as shown in Example 1, this is false for a general degreem, but it clearly
works when the degree is a prime power.
We also remark that, in this case, the Theoremof Ichimura is equivalent to Theorem1. In fact, firstly, if K/F has a NIB, then
it is always tamely ramified. On the other hand, 1 and 2 of Theorem 1 coincide with conditions (iii) and (v) of the Theorem
of Ichimura. If these conditions hold, by Remark 1, we can assume that aOF = αmOF ismth power free (i.e. (ii)) and we have
that
(a,m) = OF ⇐⇒ K/F is tamely ramified.
In fact, for m = pk, wild ramification can occur only at the primes over p. If a is relatively prime to m (or equivalently to p)
defining as usual
ω = 1
m
m−1∑
j=0
αj
xj
we have
disc(K/F) | discK/F (OF [G]ω) =
m−1∏
r=0
ω2r =
am−1(∏
r
xr
)2 ,
hence K/F is unramified outside aOF , thus it is tame.
Conversely, if K/F is tame and P is a prime ofOF over p, it must be eP = 1, thus by Lemma 3 (since a ismth power free)
ordP(a) = 0, namely (a, p) = 1.
Finally, condition (iv) follows from (i), (ii), (iii) and (v) as noted in [4, Remark 2].
Next example shows that it is not always possible to satisfy condition 2 of Theorem 1, even under condition 1 (see also
[5, Prop 2]).
Example 2. Let d, n be squarefree integers; suppose that d, n ≡ 3(mod 4), d < −1 and (d, n) = 1. We set F = Q(√d) and
K = F(√n). Then K/F is a tamely ramified quadratic extension without NIB.
Proof. Firstly, we note that K/F is tamely ramified, since dn ≡ 1(mod 4). Moreover, B0 = B1 = OF are principal and
OF ∗ = {±1}. We have
1±√n 6≡ 0(mod 2),
hence, by Theorem 1, K/F has no NIB. 
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4. The Steinitz class of K/F
Let K/F be an extension of number fields, let v1, . . . , vn be an F-basis of K and let I be the fractional ideal ofOF such that
disc(K/F) = I2discK/F (v1, . . . , vn).
We define the Steinitz class of the extension K/F as the class of I in the ideal class group of F ; it is straightforward to see
that this definition is independent on the choice of the basis. IfOK is a freeOF -module, choosing as F-basis of K the basis of
OK over OF , we get that I = OF , thus the class of I is trivial. Artin [10] proved the opposite, i.e. if the Steinitz class of the
extension K/F is trivial, then OK is free over OF .
It is clear that if OK is free over OF [Gal(K/F)], then it is also free over OF ; hence the Steinitz class of the extension K/F
to be trivial is a weaker condition than 1 and 2 of Theorem 1. The following proposition, which generalizes [3, Prop. 2.5],
shows this dependence in a very apparent way.
Proposition 1. Let K/F be a tame cyclic Kummer extension of degree m, a ∈ OF such that K = F( m√a) and let Bj be the ideals
associated to aOF .
Then the Steinitz class of K/F is the ideal class of (
∏m−1
j=0 Bj)−1. Namely,OK is free over OF if and only if the ideal
∏m−1
j=0 Bj is
principal.
Proof. Since the extension is tamely ramified, by Corollary 1 we have
disc(K/F) =
∏
i≥1
Am−(m,i)i .
Further, by Euler’s formula [11, Chapter II, Section 7, (6)]
discK/F (1, m
√
a, m
√
a
2
, . . . , m
√
a
m−1
) = mmam−1OF = mm
∏
i≥1
Ai(m−1)i ,
thus
I−2 = mm
∏
i≥1
Ai(m−1)−m+(m,i)i ,
and by Eq. (1)
I−2 = mm
m−1∏
j=0
B2j .
Ifm is even we have
I−1 = mm/2
m−1∏
j=0
Bj;
ifm is odd we have
mOF = pa11 · · · parr OF = (1− ζp1)(p1−1)a1 · · · (1− ζpr )(pr−1)arOF
with pi odd primes, hence
I−1 = (1− ζp1)
(p1−1)a1
2 · · · (1− ζpr )
(pr−1)ar
2
m−1∏
j=0
Bj.
In both cases it is clear that the class of I coincides with the class of
(∏m−1
j=0 Bj
)−1
. 
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